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We study the transport of few-photon states in open disordered nonlinear photonic lattices. More
specifically, we consider a waveguide quantum electrodynamics (QED) setup where photons are
scattered from a chain of nonlinear resonators with on-site Bose-Hubbard interaction in the presence
of an incommensurate potential. Applying our recently developed diagrammatic technique that
evaluates the scattering matrix (S-matrix) via absorption and emission diagrams, we compute the
two-photon transmission probability and show that it carries signatures of the underlying localisation
transition of the system. We compare the calculated probability to the participation ratio of the
eigenstates and find close agreement for a range of interaction strengths. The scaling of the two-
photon transmission probability suggests that there might be two localisation transitions in the high
energy eigenstates corresponding to interaction and quasiperiodicity respectively. This observation
is absent from the participation ratio. We analyse the robustness of the transmission signatures
against local dissipation and briefly discuss possible implementation using current technology.
I. INTRODUCTION
Recent advances in quantum nonlinear optics and cir-
cuit QED have allowed the engineering of few-body pho-
tonic states exhibiting signatures of many-body effects
[1–4]. Experimentally demonstrated effects using super-
conducting circuits include dissipative phase transition
in a chain of nonlinear QED resonators as well as many-
body localisation transition [5, 6]. Strongly correlated
states of light have also been created in slow light Ryd-
berg polaritons [7], and excitonic systems are progressing
towards this direction as well [8]. An important aspect
of many-body photonic simulators is that they are open
optical systems. Performing spectroscopy will thus re-
quire an analysis of the photon transmission spectra and
statistics as was done for the Bose-Hubbard model in
recent works [9–11]. In quantum optics, this generally
assumes scattering photons from the system via waveg-
uides. Waveguide QED setups for quantum technology
applications have been widely proposed, and experimen-
tally implemented, usually containing a multilevel emit-
ter or few uncorrelated two-level emitters [12–22].
To treat the problem of few-photon scattering from
quantum emitters, one needs to use a combination of
the Lippmann-Schwinger formalism, or equivalently, the
Bethe ansatz approach, and the input-output formalism
from quantum optics [9, 23–27]. This method involves
solving a set of coupled equations which becomes cum-
bersome when the quantum system is few-body or when
there is a large number of incident photons. This was
limiting early works to at most two-photon scattering by
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two noninteracting simple quantum emitters. More re-
cently, with the use of matrix product operator, path
integration, Green’s function, and diagrammatic tech-
niques [10, 28–34], multiphoton scattering studies have
been extended to a few interacting emitters where sig-
natures of strongly correlated effects such as the Mott
insulator transition have been studied [9–11].
In this work, we apply our earlier diagrammatic
method [10] to probe the interplay between interaction
and disorder in a few-body photonic lattice. In par-
ticular, we consider the situation where two waveguides
are coupled to a photonic system described by the Bose-
Hubbard Hamiltonian in the presence of a quasiperiodic
potential. In this model, the system’s eigenstates are ex-
pected to change from extended to localised in line with
the celebrated many-body localisation (MBL) transition
[35–41]. To quantify this transition for closed systems,
different quantities such as level statistics, eigenstate en-
tanglement, and participation ratio were proposed theo-
retically [35, 42–46], and some were tested in a recent ex-
periment using superconducting circuits [6]. In the open
optical system considered here, we show how the usual
optical spectroscopy techniques based on analyzing the
transmission and reflection spectra can capture finite size
signatures of the corresponding localisation transition for
a range of parameters. We calculate and compare the
two-photon transmission probability of the open system
to the participation ratio of the two-particle eigenstates
of the closed system and find close agreement for a range
of coupling and decay rates.
We start by reviewing the waveguide QED setup and
the Hamiltonian of interest in section II. We review de-
tails of the scattering formalism required to compute
the two-photon transmission probability in section IIA
and discuss the interpretation of two-photon transmission
2probability, and its role in characterizing the transition
in a quantitative manner, in section II C. We then com-
pare the behavior of the transmission probability against
the known behavior of the participation ratio in sec-
tion III. We first focus on the linear case when interaction
is absent, i.e., the Aubry-Andre´ (AA) model, to investi-
gate the delocalisation-localisation transition or metal-
to-insulator transition (MIT). After that, we show how
the presence of interactions affects the two-photon trans-
mission probability of the system. The effect of losses,
which is inherent in a waveguide QED setup, is exam-
ined in section IIID. Finally, the consequences of using
different input states are discussed in section III E.
II. SETUP AND MODEL
We consider a setup as in Fig. 1 where two identical
waveguides are coupled to each end of a system (W1 to
site 1 andWN to site N) described by the Bose-Hubbard
Hamiltonian with an incommensurate potential. The
setup has the total Hamiltonian
Hˆtot = Hˆw + Hˆsys + Hˆws, (1)
where the first term
Hˆw =
∑
j=1,N
ˆ
dk k bˆj†k bˆ
j
k (2)
describes the free propagating photons in both waveg-
uides with bˆjk (bˆ
j†
k ) the photon annihilation (creation)
operator in the waveguide Wj. The second term is the
Hamiltonian of interest [47] given by
Hˆsys =
N∑
j=1
(
ǫj aˆ
†
j aˆj +
U
2
aˆ†j aˆ
†
j aˆjaˆj
)
+ J
N−1∑
j=1
(
aˆ†j aˆj+1 +H.c.
)
, (3)
where aˆj (aˆ
†
j) is the annihilation (creation) operator at
site j with [aˆi, aˆ
†
j ] = δij , and ǫj = h cos(2πbj) is the on-
site energy. J and U are the hopping and interaction
strengths, respectively. The last term,
Hˆws =
∑
j=1,N
ˆ
dk
√
κ
2π
(
bˆj†k aj +H.c.
)
, (4)
describes the system-waveguide interaction.
The Hamiltonian in Eq. (3), Hˆsys preserves the total
number of particles Nˆ =
∑N
j=1 aˆ
†
jaˆj . Hence, from now
on, we will denote the dM =
(
N+M−1
M
)
eigenstates in the
M -particle manifold by |E(M)α 〉 with eigenenergies E(M)α
for α = 1, 2, . . . , dM and E
(M)
1 ≤ E(M)2 ≤ · · · ≤ E(M)dM .
(a)
input
output
(b)
input
output
(c)
FIG. 1. Two waveguides are coupled to each end of the lattice.
We input two photons with momenta k1 and k2 from waveg-
uideW1 and investigate the statistics of the scattered photons
at waveguide WN as a function of disorder for a fixed value
of the onsite interaction. The sum of the momenta k1 + k2
is resonant with the eigenstate |E
(2)
α 〉. We also consider how
losses in the one-dimensional chain affect the statistics of the
output light. (a) If |E
(2)
α 〉 is delocalised over the system, it
will couple strongly to both waveguides W1 and WN , allow-
ing the two input photons to be transmitted at WN . (b) If
|E
(2)
α 〉 is localised, it will couple weakly to both waveguides.
Hence, the two-photon transmission at WN is strongly sup-
pressed. (c) A diagram showing the choices of k1 and k2.
To maximise the probability of the first photon entering the
system, k1 is set to be resonant with one of the one-particle
eigenstates |E
(1)
µ 〉. The second photon then populates |E
(2)
α 〉
from |E
(1)
µ 〉. However, since we are only interested in the
properties of |E
(2)
α 〉, we later reduce the contribution of |E
(1)
µ 〉
by varying k1 to be resonant with all possible |E
(1)
µ 〉, and av-
eraging the two-photon transmission probability measured at
WN . The resonant condition for the input state also ensures
that two-photon scattering has the largest contribution in the
output.
When U = 0, Eq. (3) is equivalent to the Aubry-Andre´
(AA) model. As shown in [48], when the potential is in-
commensurate, i.e., b =
√
5−1
2 , the model exhibits a MIT
at the critical potential strength h/J = 2. If one takes
into account the effects of interaction between particles,
the situation can change dramatically. For example, it
has been shown that there exists delocalised two-particle
bound states [49, 50] in the localised phase of the non-
interacting AA model (when h/J > 2). It has also been
shown that such a MIT becomes an ergodic-MBL transi-
tion in the presence of interactions between the particles
[43]. In this case, the localisation properties of the states
depend on the energy, and one can possibly have a many-
3body mobility edge, though its existence is still under de-
bate [51]. Recently, the AA model with interaction has
been implemented using superconducting circuits [6].
A. Photon scattering for few-body spectroscopy
In order to observe interaction-induced effects, at least
two photons are required to be in the system. For this,
we send two photons to the system, each with differ-
ent momenta k1 and k2 via waveguide W1, denoted by
the input state |in; k1, k2〉. The probability of detecting
two photons in the waveguide WN , i.e., the two-photon
transmission probability, for a given input |in; k1, k2〉, is
P (k1, k2) :=
1
2
ˆ
dp1dp2 ρ(p1, p2|k1, k2), (5)
where ρ(p1, p2|k1, k2) is the conditional probability of de-
tecting two photons with momenta p1 and p2 via waveg-
uides WN . It has the expression
ρ(p1, p2|k1, k2) =
∣∣∣∣ 〈0|bˆNp1 bˆNp2 |out; k1, k2〉
∣∣∣∣
2
=
∣∣∣∣ 〈0|bˆNp1 bˆNp2 Sˆ|in; k1, k2〉
∣∣∣∣
2
, (6)
with Sˆ the scattering operator and |out; k1, k2〉 =
Sˆ |in; k1, k2〉.
To investigate the properties of a particular two-
particle eigenstate, |E(2)α 〉 of Eq. (3), we consider input
photons with momenta k1 and k2 such that k1 + k2 =
E
(2)
α . Moreover, we want to consider cases where two-
photon scatterings are fully resonant, i.e., one of the pho-
tons has to resonantly excite one of the single-particle
eigenstates, |E(1)µ 〉. The resonant condition reads
k1 = E
(1)
µ , k2 = E
(2)
α − E(1)µ with µ = 1, . . . , d1.
(7)
In order to dilute the effects of a particular single-particle
eigenstate, we take an average over all d1 resonant paths,
and define the quantity
T (2)(α) :=
1
d1
d1∑
µ=1
P
(
E(1)µ , E
(2)
α − E(1)µ
)
. (8)
T (2)(α) is simply the two-photon transmission probabil-
ity of a given eigenstate |E(2)α 〉 averaged over all paths
where the two-photon transitions are resonant. The in-
put state is chosen such that the contribution arising from
two-photon scattering into the desired eigenstate is the
largest at the output. The intuition behind the choice of
this quantity is discussed in Fig. 1.
Next, we investigate how T (2)(α) is able to show signa-
tures of a delocalisation-localisation transition by com-
paring it with the known behavior of the participation
ratio [52]. The participation ratio is defined as
R(α) :=
1∑
i≤j |cαi,j |4
(9)
where |E(2)α 〉 =
∑
i≤j c
α
i,j |i, j〉 and cαi,j = 〈i, j|E(2)α 〉 are
the coefficients of |E(2)α 〉 in the Fock state basis {|i, j〉 =
aˆ†i aˆ
†
j/
√
1 + δij |0〉 ; i ≤ j}. When an eigenstate is delo-
calised, cαi,j ≈ 1/
√
d2 for all (i, j) and hence R(α) ≈ d2
and logd2 R(α) ≈ 1; however, when an eigenstate is lo-
calised around a configuration |i0, j0〉, cαi0,j0 ≈ 1 and
cαi,j ≈ 0 otherwise, hence R(α) ≈ 1 and logd2 R(α) ≈ 0.
The participation ratio, R(α) can be computed by
diagonalizing the Hamiltonian whereas the two-photon
transmission probability T (2)(α) is fully characterised by
the scattering operator. These quantities are intimately
related. The participation ratio R(α) is a measure of how
extended a given eigenstate |E(2)α 〉 is in the Fock state ba-
sis {|i, j〉}. Certainly, transmission is possible when the
eigenstates are delocalised because there are overlaps be-
tween the states and the waveguidesW1 andWN at sites
1 and N respectively. Conversely, if a given eigenstate
with energy E
(2)
α is localised in the Fock state basis, the
probability that two photons can be transmitted between
the waveguides is small.
In the following subsection, we will outline the steps
to compute the scattering elements, which allows one to
reconstruct the scattering operator. After which, we pro-
vide a quantitative analysis on the motivation for propos-
ing the quantity T (2), and discuss the role the resonant
condition Eq. (7) plays in making T (2) a good diagnostic
tool for the delocalisation-localisation transition. We do
this before the discussion of the results in order to con-
trast the behavior of the two-photon transmission proba-
bility T (2)(α) with the logarithm of the participation ra-
tio logd2 R(α). Both quantities are expected to vary from
a finite value towards zero as h/J increases, because the
system undergoes a delocalisation-localisation transition
around h/J = 2. We would like to emphasise that in the
interacting case, the localisation length of the states de-
pends on the energy. Therefore, we expect T (2)(α) and
logd2 R(α) to have a dependency on E
(2)
α .
B. Transmission spectra from scattering theory
Following the formalism developed in [31], the scatter-
ing elements of this setup can be calculated using the
effective Hamiltonian
Hˆeff = Hˆsys − iκ
2
(
aˆ†1aˆ1 + aˆ
†
N aˆN
)
, (10)
instead of the full Hamiltonian. Note that Hˆeff is non-
Hermitian and therefore its eigenenergies are complex in
general. From now on, |ξ(M)α 〉 and 〈ξ¯(M)α | will denote the
right and leftM -particle eigenstates of Hˆeff with eigenen-
4ergies ξ
(M)
α . As before, there are dM eigenstates in the
M -particle manifold of Hˆeff.
With this, we have all the elements that we need for
the diagrammatic approach in [10]. The advantage of
the latter is that the expressions for the scattering ele-
ments can be written down directly with the aid of scat-
tering diagrams. Our aim in this section is to explic-
itly calculate the probability, P (k1, k2) by integrating out
ρ(p1, p2|k1, k2) as in Eq. (5). The probability, P (k1, k2)
is of utmost importance because it allows us to obtain
the two-photon transmission T (2)(α) in Eq. (8).
We consider input states with a finite momentum
width by defining the operator Bˆ1†k :=
´
dq χk(q)bˆ
1†
q ,
where χk(q) =
√
σ
pi
1
q−k+iσ . This creates a photon in
the waveguide W1 with a Lorentzian momentum pro-
file centred around k with width σ (we set σ = 0.01J
in this paper). Thus, the input state is |in; k1, k2〉 =
1√
M(k1,k2)
Bˆ1†k1Bˆ
1†
k2
|0〉, where M(k1, k2) := 1+4σ2/((k1−
k2)
2 + 4σ2) is the normalisation constant. The condi-
tional probability of detecting two photons of momenta
p1 and p2 at WN , ρ(p1, p2|k1, k2) defined in Eq. (6), is
then given by
ρ(p1, p2|k1, k2)
=
1
M(k1, k2)
∣∣∣∣
ˆ
dq1dq2 χk1(q1)χk2 (q2)S(p1, p2; q1, q2)
∣∣∣∣
2
.
(11)
In the previous expression, S(p1, p2; q1, q2) is the two-
photon S-matrix element with input photons of momenta
q1 and q2 viaW1 and output photons of momenta p1 and
p2 via WN [53].
From the previous discussion, we can see that the core
of the calculation is to find the two-photon S-matrix el-
ement, S(p1, p2; q1, q2). The latter can be decomposed
in terms of the one-photon S-matrix element S(p; q) and
the four-point Green’s function, i.e.
S(p1, p2; q1, q2) = S(p1; q1)S(p2; q2)
+ S(p2; q1)S(p1; q2) +G(p1, p2; q1, q2) (12)
where the one-photon S-matrix element equals the two-
point Green’s function [54],
S(p; q) = G(p; q). (13)
Here is where we can appreciate the power of our
diagrammatic approach [10]: the two- and four-point
Green’s functions can be represented by scattering di-
agrams, as depicted in Fig. 2 showing all possible op-
tical absorption and emission paths. The expressions
for the Green’s functions can then be written down di-
rectly based on the diagrams. For example, the two-point
Green’s function is given by
G(p; q) =
d1∑
µ=1
〈0|aˆN |ξ(1)µ 〉 〈ξ¯(1)µ |aˆ†1|0〉
−iκ
q − ξ(1)µ
δ(p− q)
(14)
with the system operators aˆN and aˆ
†
1 evolving according
to the effective Hamiltonian in Eq. (10) and the sum
is taken over all d1 single-particle eigenenergies, ξ
(1)
µ , of
Hˆeff. Similarly, the four-point Green’s function,
G(p1, p2; q1, q2) =
2∑
l=1
G(l)(p1, p2; q1, q2) (15)
with
G(1)(p1, p2; q1, q2)
=− iκ
2
2π
δ(p1 + p2 − q1 − q2)
×
∑
µ,ν
(
〈0|aˆN |ξ(1)ν 〉 〈ξ¯(1)ν |aˆ†1|0〉 〈0|aˆN |ξ(1)µ 〉 〈ξ¯(1)µ |aˆ†1|0〉(
p2 − ξ(1)ν
)(
q1 − p1
)(
q1 − ξ(1)µ
)
+ all permutations of {q1, q2} and {p1, p2}
)
(16)
and
G(2)(p1, p2; q1, q2)
=− iκ
2
2π
δ(p1 + p2 − q1 − q2)
×
∑
µ,β,ν
(
〈0|aˆN |ξ(1)ν 〉 〈ξ¯(1)ν |aˆN |ξ(2)β 〉 〈ξ¯(2)β |aˆ†1|ξ(1)µ 〉 〈ξ¯(1)µ |aˆ†1|0〉(
p2 − ξ(1)ν
)(
q1 + q2 − ξ(2)β
)(
q1 − ξ(1)µ
)
+ all permutations of {q1, q2} and {p1, p2}
)
. (17)
Again, the system operators aˆN and aˆ
†
1 evolve according
to the effective Hamiltonian, Hˆeff and the sums are taken
over all single-particle eigenenergies, ξ
(1)
µ and ξ
(1)
ν and
two-particle eigenenergies, ξ
(2)
β of Hˆeff. With the knowl-
edge of S(p1, p2; q1, q2), the probability P (k1, k2) is then
calculated by doing the integration in Eqs. (5) and (11).
C. Relationship between transmission probability
and participation ratio
In this section, we will discuss the relationship between
the two-photon transmission probability, T (2), and the
participation ratio, R, by looking at the resolvent opera-
tor Gˆ(E) :=
(
E − Hˆsys
)−1
. In [55], the authors defined
the localisation length of two-interacting particles (TIP)
as
1
λ2
= − lim
N→∞
1
2(N − 1) ln
∣∣ 〈N,N |Gˆ|1, 1〉 ∣∣2, (18)
where |i, j〉 = aˆ†i aˆ†j/
√
1 + δij |0〉 with i ≤ j is the Fock
state defined previously. This definition is a direct gen-
eralisation of the linear case where the single-particle lo-
calisation length is defined as [52]
1
λ1
= − lim
N→∞
1
2(N − 1) ln
∣∣ 〈N |Gˆ|1〉 ∣∣2. (19)
5(a)
(b)
FIG. 2. Diagrammatic method to calculate the scattering
elements by summing up all possible optical absorption and
emission paths. Scattering diagrams for a) two-point Green’s
function and b) four-point Green’s function.
Here, we show that for TIP, the two-photon transmis-
sion probability T (2) defined in Eq. (8) is approximately
proportional to the matrix element in the definition of
TIP’s localisation length, i.e.
T (2) ≈ C| 〈N,N |Gˆ|1, 1〉 |2, (20)
where C is a constant. For U = 0, the four-point Green’s
function vanishes and one can evaluate T (2) easily and
compare it with | 〈N,N |Gˆ|1, 1〉 |2 expressed in spectral
representation. For U 6= 0, note that T (2) is defined
for very specific input states, namely states that satisfy
the resonant condition Eq. (7). The resonant condition
Eq. (7) guarantees that the two-photon scattering events
are fully resonant and thus have the largest contribution
to the transmission probability. In other words, T (2) will
consist mainly of contribution from fully resonant two-
photon scattering processes corresponding to Eq. (17).
The other terms, Eqs. (14) and (16), in its expression cor-
respond to off-resonant processes and hence have small
amplitudes. The argument is laid out in more detail in
appendix A. Using Eq. (20), one can estimate the TIP’s
localisation length using T (2) by
1
λ2
≈ 1
Λ2
:= − lim
N→∞
1
2(N − 1) lnT
(2), (21)
where we have defined the quantity Λ2 as an effective
TIP’s localisation length derived from the two-photon
transmission probability.
Following the line of reasoning above, it is clear
that when U 6= 0 the connection between T (2) and
| 〈N,N |Gˆ|1, 1〉 |2 relies heavily on the dominance of two-
photon resonant paths, achieved by choosing appropriate
input states. This justifies the choice of the input states
in the definition of T (2) and one can see how the argu-
ment will fail if different input states are chosen instead,
where the term describing two-photon scattering events
(Eq. (17)) that is closely related to the resolvent opera-
tor’s matrix element no longer has the largest contribu-
tion.
On the other hand, the participation ratio is approxi-
mately inversely proportional to the sum of the squared
of the diagonal elements of the TIP’s resolvent operator,
R−1(α) =
∑
i≤j
∣∣∣〈i, j|Gˆ(E(2)α )|i, j〉∣∣∣2 , (22)
where the sum is taken over all d2 two-particle Fock
states.
Quantitatively, T (2) is very different from R. How-
ever, both quantities are intrinsically related to the
delocalisation-localisation transition. Since T (2) can be
used as an estimate for TIP’s localisation length, it char-
acterises the asymptotic behavior of an eigenstate. R on
the other hand, corresponds to the volume occupied by an
eigenstate. Therefore, one would expect both quantities
to behave similarly as the system transitions from delo-
calisation to localisation. In the upcoming section, we
show that they indeed exhibit qualitatively good agree-
ment in the characterisation of the transition by consid-
ering different strengths of quasiperiodicity and interac-
tion. We also provide numerical evidence in section III E
on how input states which do not satisfy Eq. (7) are un-
able to correctly map out the delocalised/localised prop-
erties of an eigenstate.
III. SIGNATURES OF LOCALISATION
TRANSITION IN THE TRANSMISSION
SPECTRA
A. Localisation due to quasiperiodic potential in
the absence of interaction
In this section, we apply the methods discussed in the
previous section to calculate the two-photon transmission
probability. This will allow us to unveil signatures of lo-
calisation of interacting photons. For all the results in
this paper, we will be using a system-waveguide coupling
strength of κ = 0.25J . The rationale behind this choice
is that if κ/J is too small, the two-photon transmission
will be weak. If κ/J is too big, the probe will not be
able to resolve each eigenstate, which goes against our
intention of studying how interaction and quasiperiodic-
ity affect different eigenstates. Hence, we have chosen the
coupling strength such that it is smaller than the typical
separation of the energy levels, which is equal to J but
large enough such that there is sufficient transmission.
We first study how the two-photon transmission prob-
ability T (2)(α) changes as h/J is varied when U = 0,
i.e., the AA model. As mentioned previously, the AA
model exhibits an MIT when h/J = 2. This is evident
in Fig. 3, which shows how the participation ratio and
the two-photon transmission probability change as h/J
is varied for N = 15 lattice sites. In Fig. 3, density plots
of T (2)(α) and logd2 R(α) show similar behavior where
they are close to zero in the localised phase (h/J > 2)
but are nonzero while in the metallic phase (h/J < 2).
6(a)
logd2R
0.2
0.4
0.6
0.8
(b)
T
(2)
0
0.0001
0.001
0.01
0.1
FIG. 3. U = 0: Participation ratio vs transmission spectra.
(a) The participation ratio logd2 R(α) and (b) the two photon
transmission probability T (2)(α), for U = 0. Here, N = 15
and b =
√
5−1
2
. Both diagrams show a transition from finite
value to zero at h/J = 2, with the latter being an open system
with a realistic waveguide system coupling of κ = 0.25J .
For both quantities, the transition happens roughly at
h/J = 2 for all eigenstates. This is no surprise since, in
the linear case, the two-photon transmission probability
is just the product of one-photon transmission probabil-
ities, which are directly related to the localisation length
[52].
B. Localisation due to competition between
quasiperiodicity and interaction
Next, we study how on-site interaction (U 6= 0)
changes the transition. Again we will be looking at the
same quantity T (2)(α) as defined in Eq. (8) and compar-
ing it with the known behavior of the participation ratio,
logd2 R(α) (Eq. (9)).
For N = 15 lattice sites, Fig. 4 and Fig. 5 show
the comparison between the participation ratio and the
two-photon transmission probability for U = 3.5J and
U = 10J , respectively. It is commonly believed [56, 57],
though debatable [51], that the presence of interaction
between particles causes different eigenstates to localise
at different values of h/J , forming what is called a mobil-
ity edge. This is observed in both quantities at two differ-
ent interaction strengths in Fig. 4 and Fig. 5. Further-
more, the two-photon transmission probability T (2)(α)
produces very similar behavior as logd2 R(α).
Interestingly, when U = 10J , 15 eigenstates (α ≥ 106)
(a)
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FIG. 4. U = 3.5J : Participation ratio vs transmission
spectra. Comparison between (a) the participation ratio
logd2 R(α) and (b) the two-photon transmission probability
T (2)(α), for U = 3.5J . Here, N = 15 and b =
√
5−1
2
. For
(b), κ = 0.25J . Both quantities show similar behavior. The
delocalisation-localisation transition happens at different val-
ues of h/J for different eigenstates.
localise almost as soon as h/J > 0. Notably, the two-
photon transmission probability T (2)(α) produces the ex-
pected behavior of R in this scenario. To understand why
this happens, consider the two-particle manifold in Fock
state basis: it consists of N(N − 1)/2 singly occupied
(one particle per site) and N doubly occupied (two par-
ticles per site) Fock states. In the strongly interacting
limit where U ≫ h, J , the space spanned by the singly
occupied states, S = {|i, j〉 ; i < j}, is almost disjointed
from the space spanned by the doubly occupied states,
D = {|i, i〉}. This causes the eigenstates of the system to
be dominated by either the singly occupied or the dou-
bly occupied Fock states, with the latter having higher
energies. In this regime, one can decouple D and S us-
ing the Schrieffer-Wolff transformation to find an effec-
tive Hamiltonian in D which describes the behavior of
the N high energy eigenstates (appendix B). It turns out
that the effective Hamiltonian in D to the lowest order
resembles that of the AA model with a delocalisation-
localisation transition at h/J = 2J/U . In contrast, the
effective Hamiltonian in S to the lowest order equals the
original Hamiltonian, Hsys. Hence, in the strongly inter-
acting limit, interaction alters the behavior of the high
energy eigenstates such that they localised significantly
faster as compared to the other eigenstates. Our numer-
ical results in Fig. 5, which has N = 15 and U = 10J ,
agree perfectly with the theoretical analysis where the 15
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FIG. 5. U = 10J : Participation ratio vs transmission spectra.
Comparison between (a) the participation ratio logd2 R(α)
and (b) the two-photon transmission probability T (2)(α), for
U = 10J . Here, N = 15 and b =
√
5−1
2
. For (b), κ = 0.25J .
Both quantities show similar behavior. The delocalisation-
localisation transition happens at different values of h/J for
different eigenstates.
high energy eigenstates have a transition at h/J = 0.2.
C. Scaling with N
In this section, we study how the participation ratio R
and the two-photon transmission probability T (2) scale
with the system size, N . Following the discussion in
previous sections, we will be comparing the quantities,
logd2 R and Λ2 (Eq. (21)) instead of the participation ra-
tio and the two-photon transmission probability for ease
of analyzing the significance of the results. In the limit of
large N , logd2 R approaches the fractal dimensionality of
a state. It is equal to 1 when the state is fully delocalised
and is equal to 0 when the state is localised [52]. On
the other hand, Λ2 as a measure of localisation length,
should increase with N when a state is delocalised but
should approach a small finite value when a state is lo-
calised. Furthermore, when U = 0 in the AA model, one
can show that (appendix A)
1
Λ2
∣∣∣
E=E
(2)
α
≈ 1
λ1
∣∣∣
E=E
(1)
α1
+
1
λ1
∣∣∣
E=E
(1)
α2
, (23)
where E
(2)
α = E
(1)
α1 +E
(1)
α2 . In the orignal paper by Aubry
and Andre´ [48], they showed that when h/J > 2 all states
are localised and the single-particle localisation length,
1/λ1 = ln(h/2J). Combining this with Eq. (23), we get
that, in the noninteracting regime where U = 0,
1
Λ2
≈ 2 ln
(
h
2J
)
, (24)
for h/J > 2.
In Fig. 6, we show how logd2 R and Λ2 scale with the
system size N for three different eigenstates |E(2)α 〉, where
α = 1, ⌊d2/2⌋, and d2 correspond to the lowest, middle,
and highest energies, respectively. Magenta dashed lines
indicate AA model’s predicted transition at h/J = 2. For
plots of Λ2, gray dashed lines labeled AA represent the
expected behavior in the AA model as in Eq. (24). For
the highest energy eigenstate α = d2, cyan lines indicate
the theoretical transition of h/J = 2J/U in the strongly
interacting limit of U >> h, J .
When U = 0, logd2 R shows a transition for all three
eigenstates, with a finite nonzero value when h/J < 2
that approaches zero after h/J = 2. The plots become
more step-like around the transition point, h/J = 2, asN
increases. On the other hand, Λ2 also shows a transition
for all three eigenstates with an N dependent large value
when h/J < 2 which approaches the same small finite
value after h/J = 2. In the localised phase, h/J > 2, the
behavior of Λ2 approaches the linear case described by
Eq. (24) as N increases.
When U = 3.5J and 10J , we observe that the behav-
ior of the lowest energy eigenstate, α = 1, is very similar
to that when U = 0 for both of the quantities. This
is unsurprising as the lowest energy eigenstate is most
likely made up of only Fock states in the singly occupied
subspace, S. This results in a behavior that is “linear”,
similar to the one when U = 0. For α = ⌊d2/2⌋, the
quantity logd2 R shows a transition around h/J = 2 sim-
ilar to that described for U = 0. Λ2 in Figs. 6(e) and 6(h)
displays a more step-like drop around h/J = 2 as com-
pared to Fig. 6(b), but both approach the same linear
case as the latter when N increases.
For the highest energy eigenstate, α = d2 when U 6= 0,
both quantities in Figs. 6(f) and 6(i) show a transition
at h/J = 2J/U , which is predicted using the Schrieffer-
Wolff transformation. This is expected for U = 10J , as
we have already seen the appearance of the transition
when looking at the full density plot in Fig. 5. However,
what is also interesting is the reasonably good predic-
tion of the transition even for U = 3.5J 6≫ J . If we
look at Fig. 4, there are a few highly excited eigenstates
that localise much faster than the rest at roughly the
predicted transition point of h/J = 2J/U . The number
of such states is smaller than N although the effective
Hamiltonian that gives rise to the predicted transition
describes the whole doubly occupied subspace D, which
has dim(D) = N . This seems to suggest that the N
highest energy eigenstates are not only coming from D,
but are also having an increasingly non-negligible contri-
bution from S as the energy decreases. The assumption
that S and D are almost disjointed such that all the N
highest energy eigenstates have dominating contribution
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(e) α = ⌊d2/2⌋, U = 3.5J
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FIG. 6. Scaling with N : Participation ratio vs effective TIP’s localisation length. (a)-(c) U = 0 (AA model), (d)-(f) U = 3.5J ,
and (g)-(i) U = 10J for three different eigenstates: α = 1, ⌊d2/2⌋, and d2. Here, b =
√
5−1
2
and κ = 0.25J . Both quantities
logd2 R and Λ2, approach the same transition point as N increases. Magenta dashed lines indicate the AA model’s predicted
transition at h/J = 2. For plots of Λ2, gray dashed lines labeled AA satisfy the equation 1/Λ2 = 2 ln(h/2J) for h/J > 2. It is
the infinite N limit of the effective TIP’s localisation length in the AA model. For the highest energy eigenstate α = d2, cyan
lines indicate the theoretical transition of h/J = 2J/U in the strongly interacting limit of U >> h, J .
from D hence breaks down. In spite of that, the effective
Hamiltonian for D from the Schrieffer-Wolff transforma-
tion (appendix B) still seems to describe the behavior of
high energy eigenstates which have majority contribution
from D, just that there are fewer such states when U > J
but U 6≫ J .
Further evidence to support the deduction that the
α = d2 eigenstate has non-negligible proportion in S
when U = 3.5J (but negligible in S when U = 10J) can
be found from the value of logd2 R when the eigenstate
is most delocalised, i.e., when h = 0. If an eigenstate sits
9in D and is fully delocalised,
logd2 R = logd2 N →
1
2
as N →∞. (25)
In Fig. 6(i), when U = 10J , logd2 R = 1/2 when h = 0
for all the values of N investigated, whereas in Fig. 6(f)
where U = 3.5J , logd2 R > 1/2 when h = 0 for all values
of N . Although in Fig. 6(f) logd2 R decreases as N in-
creases, it is unlikely that it will approach 1/2 in the limit
of infinite N since the value at N = 15 almost coincides
with that of N = 20. This supports the suggestion that
there are indeed more than just the Fock states from
D that make up the highest eigenstate, α = d2, when
U = 3.5J .
Additionally, in the interacting regime, the behavior of
logd2 R is different from Λ2 as h/J increases. As shown
in Figs. 6(f) and 6(i), logd2 R shows a drop from a finite
value to zero at h/J = 2J/U , whereas Λ2 shows a drop at
h/J = 2J/U but plateaus in the range 2J/U < h/J < 2,
which eventually falls off to a value independent of N
when h/J > 2. When h/J > 2, Λ2 also seems to ap-
proach the linear case, given by the gray dashed line, as
N increases. From the plots of Λ2, it appears that there
are two different transitions corresponding to two differ-
ent mechanisms: one due to interaction at h/J = 2J/U ,
another due to quasiperiodicity at h/J = 2. However,
this feature is completely absent from logd2 R, where only
the transition due to interaction is observed.
To summarise, the proposed two-photon transmis-
sion probability is clearly capable of capturing the
delocalisation-localisation transition, and we show this
by studying the scaling of its derived quantity, Λ2, an
effective TIP’s localisation length, with the system size
N . We compare the scaling of Λ2 with that of the par-
ticipation ratio, logd2 R. When N increases, logd2 R ap-
proaches a finite value when the eigenstate is delocalised
while dropping more step-like to zero around the tran-
sition point, and it remains zero deep in the localised
phase. Λ2, on the other hand, is N dependent as long as
the eigenstate is delocalised but converges to be N inde-
pendent as the eigenstate transitions from delocalisation
to localisation. The convergence of Λ2 withN around the
transition point also appears to mimic the linear case of
the AA model given by Eq. (24). Notably, both quanti-
ties capture the theoretically predicted transition point
at h/J = 2J/U when the system is in the strongly in-
teracting limit, but Λ2 appears to have an intermedi-
ate phase at 2J/U < h/J < 2 which is not observed in
logd2 R. The difference in behavior for these two quan-
tities can be understood from the fact that R measures
the volume occupied by an eigenstate whereas Λ2 charac-
terises the asymptotic decay tail of an eigenstate. Both
give a clear change when the system transitions from de-
localisation to localisation but they do so by displaying
different aspects of the system.
D. Effect of local losses
The waveguide QED system that we considered is in-
herently lossy. To take local losses into account, we cou-
ple each site to a harmonic bath. These baths are treated
as virtual waveguides that cannot be tracked. If all the
sites have the same loss rate γ, following section II B, the
scattering elements can be calculated by considering the
effective Hamiltonian
Hˆloss = Hˆeff − iγ
2
N∑
i=1
aˆ†i aˆi (26)
with Hˆeff as defined in Eq. (10). The steps for comput-
ing the two-photon transmission probability are exactly
the same as outlined in section II B, but now with the
effective Hamiltonian Hˆloss instead of Hˆeff.
(a)
T
(2)
0
0.0001
0.001
0.01
0.1
(b)
T
(2)
0
0.0001
0.001
0.01
0.1
FIG. 7. Effect of local losses: Plots of two-photon transmis-
sion probability T (2)(α), for two different local loss rates of
(a) γ = 0.0001J and (b) γ = 0.1J for the same waveguide
system coupling of κ = 0.25J . Here, N = 15, U = 3.5J , and
b =
√
5−1
2
. The presence of local losses washes out most of the
features observed in the lossless case. However, when the loss
rate is much smaller than the coupling strength, γ/κ ≪ 1,
the mobility edge is still clearly visible.
Now, let us consider an interaction strength U = 3.5J
and look at the density plots of T (2) in the presence of
local losses and consider two cases where γ = 0.0001J
(γ/κ ≪ 1) and γ = 0.1J (γ/κ ∼ 1) as shown in Fig. 7.
Comparing the lossy case of Fig. 7 with the lossless case
of Fig. 4, it is clear that the absolute value of T (2) is re-
duced when the system is lossy. This effect becomes more
prominent with increasing loss rate, and when γ/κ ∼ 1
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previously observed features almost completely disap-
pear, as shown in Fig. 7. This is unsurprising because
the sum of all probabilities of two-photon outputs, in-
cluding ones through the virtual channels that cannot be
tracked, has to be 1. The existence of losses through the
virtual channels thus greatly reduces the probability that
two photons are transmitted through channelWN , hence
washing out the appearance of mobility edge. Although
losses break the conservation of photon number, they do
not change the intrinsic characteristics of the two-photon
transmission from the ideal scenario. This is because if
for example, one photon is transmitted and the other is
lost, it does not contribute to the measurement of the
two-photon transmission probability. Furthermore, the
losses we consider are homogeneous, which make these
lossy processes homogeneous as well. This results in the
reduction of the two-photon transmission probability, but
not a change in its characteristics.
Fortunately, even though the two-photon transmission
probability is suppressed by losses, for small loss rate in
the strong coupling regime, γ/κ ≪ 1, the mobility edge
is still visible. The strong coupling regime where γ/κ≪
1 is within current experimental reach where ratios of
γ/κ ∼ 10−4 − 10−6 have been achieved [58–61]. Similar
arguments can also be made even for the general case of
an N -photon transmission probability.
E. Scattering of coherent light
The two-photon transmission probability, T (2)(α) de-
fined in Eq. (8) consists of all scattering processes that
are fully resonant. Is the fully resonant condition Eq. (7)
necessary and justified? For instance, if one considers a
weak coherent laser field as an input, the two-photon sec-
tor of a coherent state produced by a laser corresponds
to the scattering process with an input of identical pho-
ton momenta. Will the signatures of the underlying lo-
calisation transition still be apparent in the transmission
spectra or does one have to scatter photons with different
frequencies as in the previous section? To answer this, we
need to redefine the two-photon transmission probability
as follows, with an identical photon momenta input,
T
(2)
coh(α) := P (E
(2)
α /2, E
(2)
α /2), (27)
where P (E
(2)
α /2, E
(2)
α /2) is as defined in Eq. (5) with k1 =
k2 = E
(2)
α .
Figure 8 shows the density plot of T
(2)
coh when N = 15
and U = 3.5J . By comparing T
(2)
coh and T
(2) from Fig. 8
and Fig. 4 respectively, it can be seen that the coherent-
state-like input that does not fulfill the resonant condi-
tion, gives rise to a qualitatively different behavior. It
can be seen that the density plot of T
(2)
coh does not resem-
ble that of R. The choice of input state therefore affects
the transmission probability greatly. The numerical ev-
idence presented here together with the quantitative ar-
gument in section II C support the need to impose the
Tcoh
(2)
0
0.0001
0.001
0.01
0.1
FIG. 8. Coherent state input: Plot of the two-photon trans-
mission probability with identical photon momenta input (a
small coherent state), T
(2)
coh(α). Here, N = 15, U = 3.5J, b =√
5−1
2
, and κ = 0.25J . T
(2)
coh behaves very differently from T
(2)
and logd2 R.
resonant condition Eq. (7). Advantages of the fully reso-
nant scenario over the coherent input scenario were also
previously investigated in the Bose-Hubbard dimer [9].
IV. CONCLUSION
We analysed how correlated photon transport in a non-
linear photonic lattice with disorder can be used to probe
signatures of localisation transition. By merging scatter-
ing theory with input output formalism, we calculated
the transmission spectra for various values of interac-
tion and disorder strength and found patterns very sim-
ilar to the well known participation ratio of the eigen-
states characterizing the delocalisation-localisation tran-
sition. Interestingly, the two-photon transmission prob-
ability shows how two competing mechanisms, disorder
and interaction, influence the transition in the highly en-
ergetic eigenstates, which is not seen by just observing
the participation ratio. We also discussed how, in exper-
imental situations where the local emitters might exhibit
additional local losses, the two-photon transmission still
performs well as long as the loss rate is much smaller than
the waveguide-system coupling rate. As future work, it
would be interesting to study the scaling of the method
for larger numbers of photons, aiming at resolving more
eigenstates and probing other exotic phenomena. For
that, the development of an approximate method to deal
with the cumbersome nature of the scattering approach
will be needed.
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Appendix A: Quantitative details of the relationship
between transmission probability and participation
ratio
If we approximate the two-photon input as delta
pulses, i.e., χk(q) = δ(k − q), the two-photon transmis-
sion probability Eq. (5) for a given input |in; k1, k2〉 can
be expressed as
P (k1, k2)
=|G(k1; k1)|2|G(k2; k2)|2
+ 2Re [G∗(k1; k1)G∗(k2; k2)G(k1, k2; k1, k2)]
+
1
2
ˆ
dp|G(p, k1 + k2 − p; k1, k2)|2, (A1)
where we have used G(p1; k1) and G(p1, p2; k1, k2) to rep-
resent the two-point and four-point Green’s functions de-
fined in Eq. (14) and Eq. (15) without the delta function
factor in them.
In the linear case when U = 0, the four-point
Green’s function, G(p1, p2; k1, k2) vanishes, as it de-
scribes only nonlinear effects. Hence, Eq. (A1) will
become P (k1, k2) = |G(k1; k1)|2|G(k2; k2)|2. The two-
photon transmission probability of eigenstate |E(2)α 〉,
T (2)(α), is then given by
T (2)(α)
=
1
d1
d1∑
µ=1
P (E(1)µ , E
(2)
α − E(1)µ )
=
1
d1
d1∑
µ=1
∣∣G(E(1)µ ;E(1)µ )G(E(2)α − E(1)µ ;E(2)α − E(1)µ )∣∣2
≈ 1
2π
ˆ
dk
∣∣G(E(1)µ ;E(1)µ )G(E(2)α − E(1)µ ;E(2)α − E(1)µ )∣∣2
≈κ4
∑
µ,ν,µ′,ν′
(
i
ξ
(1)∗
ν′ − ξ(1)ν
+
i
ξ
(1)∗
µ′ − ξ(1)µ
)
×
(
〈0|aˆN |ξ(1)ν 〉 〈ξ¯(1)ν |aˆ†1|0〉 〈0|aˆN |ξ(1)µ 〉 〈ξ¯(1)µ |aˆ†1|0〉
E
(2)
α − ξ(1)µ − ξ(1)ν
)
×

 〈0|aˆN |ξ(1)ν′ 〉∗ 〈ξ¯(1)ν′ |aˆ†1|0〉∗ 〈0|aˆN |ξ(1)µ′ 〉∗ 〈ξ¯(1)µ′ |aˆ†1|0〉∗
E
(2)
α − ξ(1)∗µ′ − ξ(1)∗ν′

 ,
(A2)
where we have approximated the summation in the defi-
nition of T (2) by an integral.
When U 6= 0, the four-point Green’s function is
nonzero. However, due to the resonant condition in
Eq. (7) where only fully resonant two-photon transitions
are considered, we only have to evaluate the expression
P (E(1)µ , E
(2)
α − E(1)µ )
≈1
2
ˆ
dp|G(p,E(2)α − p;E(1)µ , E(2)α − E(1)µ )|2
≈1
2
ˆ
dp|G(2)(p,E(2)α − p;E(1)µ , E(2)α − E(1)µ )|2. (A3)
The first approximation comes from the fact that the
amplitudes of the first two terms in Eq. (A1) are much
smaller compared to the third term, since the former con-
tain a factorG(E
(2)
α −E(1)µ ;E(2)α −E(1)µ ) which corresponds
to one-photon transition that is off resonant as long as
U 6= 0. Next, notice that the four-point Green’s func-
tion is a sum of two diagrams: G(1) which describes two
one-photon transitions and G(2) which describes a single
two-photon transition (section II B). By the same argu-
ment that the off resonant one-photon transition factor
in G(1) will make its amplitude much smaller compared
to the fully resonant G(2), we make the approximation in
the last line of Eq. (A3).
By using (A3) and approximating the summation by
an integral, we have
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T (2)(α)
=
1
d1
d1∑
µ=1
P (E(1)µ , E
(2)
α − E(1)µ )
≈ 1
2d1
d1∑
µ=1
ˆ
dp|G(2)(p,E(2)α − p;E(1)µ , E(2)α − E(1)µ )|2
≈ 1
4π
ˆ
dk
ˆ
dp|G(2)(p,E(2)α − p; k,E(2)α − k)|2
≈κ
4
π
∑
µ,ν,β,µ′,ν′,β′
(
〈0|aˆN |ξ(1)ν 〉 〈ξ¯(1)ν |aˆN |ξ(2)β 〉 〈ξ¯(2)β |aˆ†1|ξ(1)µ 〉 〈ξ¯(1)µ |aˆ†1|0〉
E
(2)
α − ξ(2)β
)
i
ξ
(1)∗
ν′ − ξ(1)ν
×

 〈0|aˆN |ξ(1)ν′ 〉∗ 〈ξ¯(1)ν′ |aˆN |ξ(2)β′ 〉∗ 〈ξ¯(2)β′ |aˆ†1|ξ(1)µ′ 〉∗ 〈ξ¯(1)µ′ |aˆ†1|0〉∗
E
(2)
α − ξ(2)∗β′

 i
ξ
(1)∗
µ′ − ξ(1)µ
. (A4)
Next, we write the matrix element of the resolvent op-
erator, Gˆ(E) :=
(
E − Hˆsys
)−1
in Eq. (18) in spectral
representation as
〈N,N |Gˆ(E)|1, 1〉 = 〈0|a
2
N√
2
(
E − Hˆsys
)−1 a†21√
2
|0〉
=
∑
β
〈0|aˆ2N |E(2)β 〉 〈E(2)β |aˆ†21 |0〉
2
(
E − E(2)β
) . (A5)
When U = 0, it can be expressed in terms of single-
particle eigenenergies and eigenstates as
〈N,N |Gˆ(E)|1, 1〉
=
∑
β1,β2
〈0|aˆN |E(1)β1 〉 〈E
(1)
β1
|aˆ†1|0〉 〈0|aˆN |E(1)β2 〉 〈E
(1)
β2
|aˆ†1|0〉
E − E(1)β1 − E
(1)
β2
.
(A6)
Comparing Eq. (A2) with Eq. (A6) and Eq. (A4) with
Eq. (A5), we see that the transmission probability is
roughly proportional to the modulus squared of the
matrix element of the resolvent operator as given by
Eq. (20), i.e., T (2) ≈ C| 〈N,N |Gˆ|1, 1〉 |2.
Similarly, the relationship between the participation
ratio R and the resolvent operator Gˆ can been seen by
expressing the diagonal of Gˆ in spectral representation,
〈i, j|Gˆ(E)|i, j〉 = 〈0|aiaj
(
E − Hˆsys
)−1
a†ia
†
j |0〉
=
∑
β
〈i, j|E(2)β 〉 〈E(2)β |i, j〉
E − E(2)β
=
∑
β
|cβi,j |2
E − E(2)β
. (A7)
Finally, comparing Eq. (9) with Eq. (A7), we de-
duce the relation Eq. (22), which is R−1(α) =∑
i≤j
∣∣∣〈i, j|Gˆ(E(2)α )|i, j〉∣∣∣2.
Another natural question one would ask when looking
at Eqs. (A2) and (A6) in the linear case of U = 0 is how
similar they are with the matrix element in the definition
of the single-particle localisation length λ1 in Eq. (19).
From Eq. (A6), it is obvious that
〈N,N |Gˆ(E(2)α )|1, 1〉 = 〈N |Gˆ(E(1)α1 )|1〉 〈N |Gˆ(E(1)α2 )|1〉 ,
(A8)
where E
(2)
α = E
(1)
α1 + E
(1)
α2 . Hence,
T (2)(α) ≈ C| 〈N |Gˆ(E(1)α1 )|1〉 〈N |Gˆ(E(1)α2 )|1〉 |2, (A9)
where C is a constant. Combining Eq. (A9) with
the definition of the effective TIP’s localisation length,
Eq. (21), and the definition of the single-particle locali-
sation length, Eq. (19), one will recover the relationship
1
Λ2
∣∣∣
E=E
(2)
α
≈ 1
λ1
∣∣∣
E=E
(1)
α1
+
1
λ1
∣∣∣
E=E
(1)
α2
, (A10)
as in Eq. (23).
Appendix B: Schrieffer-Wolff transformation
The two-particle manifold of Hˆsys in Eq. (3) is made
up of singly occupied Fock states, S = {|i, j〉 ; i < j},
and doubly occupied Fock states, D = {|i, i〉}. In the
strongly interacting regime where U ≫ J, h, the two
subspaces, S and D, are almost disjointed from each
other. In this regime, the hopping term can be treated
as a small perturbation, which allows us to apply the
Schrieffer-Wolff transformation [62]. Under the unitary
transformation, we can decouple the two subspaces in the
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resultant Hamiltonian, Hˆ ′ = eiSˆHˆsyse−iSˆ , where Sˆ = Sˆ†
is a Hermitian operator. Our final aim is to obtain the
effective hopping (to the lowest order) within the doubly
occupied Fock states subspace, D.
We write Hˆsys = Hˆ0 + λVˆ with
Hˆ0 =
N∑
j=1
(
ǫjaˆ
†
j aˆj +
U
2
aˆ†j aˆ
†
j aˆj aˆj
)
, (B1)
which has Fock states |i, j〉 as eigenstates with eigenen-
ergies E0ij = ǫi + ǫj + Uδij and
λVˆ = J
N−1∑
j=1
(
aˆ†j aˆj+1 +H.c.
)
, (B2)
which is the small perturbation.
Using Baker-Campbell-Hausdorff formula for the re-
sultant Hamiltonian,
Hˆ ′ = Hˆ +
[
iSˆ, Hˆ
]
+
1
2
[
iSˆ,
[
iSˆ, Hˆ
]]
+ · · · , (B3)
and writing Sˆ in increasing order of λ,
Sˆ = λSˆ1 + λ
2Sˆ2 + · · · , (B4)
the resultant Hamiltonian in increasing order of λ is given
by
Hˆ ′0 = Hˆ0 (B5)
Hˆ ′1 = λVˆ +
[
iλSˆ1, Hˆ0
]
(B6)
Hˆ ′2 =
[
iλSˆ1, λVˆ
]
+
[
iλ2Sˆ2, Hˆ0
]
+
1
2
[
iλSˆ1,
[
iλSˆ1, Hˆ0
]]
(B7)
...
where Hˆ ′n is of order λ
n and the zeroth order of Sˆ is set
to zero so that Hˆ ′ = Hˆ at zeroth order.
In order to decouple S and D, we require that
〈l,m|Hˆ ′|i, i〉 = 0, ∀ |l,m〉 ∈ S, ∀ |i, i〉 ∈ D. (B8)
Combining Eq. (B8) with the first-order equation
Eq. (B6), we have
〈l,m|iλSˆ1|i, i〉 = 〈l,m|λVˆ |i, i〉
E0lm − E0ii
, (B9)
∀ |l,m〉 ∈ S and ∀ |i, i〉 ∈ D. Besides this constraint,
there are no restrictions on the other matrix elements,
and hence without any loss of generality we can set the
rest to zero.
Since the only relevant nonzero matrix elements of λVˆ
are
〈i, i+ 1|λVˆ |i+ 1, i+ 1〉 = 〈i, i+ 1|λVˆ |i, i〉 =
√
2J,
(B10)
for i = 1, . . . , N − 1, the first order term of Sˆ is
iλSˆ1 =
√
2J
N−1∑
j=1
(
|i+ 1, i+ 1〉 〈i, i+ 1|
ǫi+1 − ǫi + U
+
|i, i〉 〈i, i+ 1|
ǫi − ǫi+1 + U −H.c.
)
. (B11)
Similarly, we can use Eq. (B8) together with the
second-order equation Eq. (B7) to find the constraint for
Sˆ2 such that S and D are decoupled. Since the constraint
will only involve cross terms from those two subspaces,
the other matrix elements can be set to zero as before.
As we are mainly interested in obtaining the effective
hopping term within D, the relevant matrix element to
consider is 〈i, i|Hˆ ′|i+ 1, i+ 1〉. To the lowest order, it is
given by
〈i, i|Hˆ ′2|i+ 1, i+ 1〉
= 〈i, i|[iλSˆ1, λVˆ ]|i+ 1, i+ 1〉
+
1
2
〈i, i|[iλSˆ1, [iλSˆ1, Hˆ0]]|i + 1, i+ 1〉
=
2J2U
U2 − (ǫi+1 − ǫi)2 , (B12)
where 〈i, i|[iλ2Sˆ2, Hˆ0]|i+ 1, i+ 1〉 = 0 by the choice of
Sˆ2. Therefore, to the lowest order, the effective Hamil-
tonian for the subspace D is
Hˆ ′D =
N∑
j=1
(hD cos(2πbj) + U) |j, j〉 〈j, j|
+
N−1∑
j=1
JDj (|j, j〉 〈j + 1, j + 1|+H.c.) . (B13)
where the effective quasiperiodicity strength hD = 2h
and effective hopping strength JDj = 2J2U/(U2−(ǫj+1−
ǫj)
2).
Since U ≫ h, the effective hopping strength within D
is approximately constant, i.e., JDj = JD := 2J2/U ∀j.
Under this condition, Hˆ ′D resembles the AA model with
a constant shift of U on its onsite energy which can be ig-
nored. Applying the same argument as in the AA model,
the delocalisation-localisation transition should happen
at hD/JD = 2, that is at h/J = 2J/U .
If instead U ≪ h, it becomes inappropriate to con-
sider S and D as almost disjointed subspaces, and the
above transformation will be invalid. In this situation,
the dominant effect will be coming from the strength of
the quasiperiodicity h and the interaction strength U will
become negligible, which implies that the system will be
localised. Hence, after the transition that is due to inter-
action happens at h/J = 2J/U for the subspace D, the
system remains localised as h increases, where the dom-
inant effect changes from interaction to quasiperiodicity.
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Note that for the subspace S the effective Hamiltonian
to the lowest order equals to the original Hamiltonian
Hsys projected into S. This is can be seen from Eq. (B6),
where the only relevant term that sits in S is λVˆ .
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